Coupling of fermionic fields with mass dimensions one 
to the O'Raifeartaigh model 
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The objective of this article is to discuss the coupling of fermionic fields with mass dimension 
one to the O'Raifeartaigh model to study supersymmetry breaking for fermionic fields with mass 
dimension one. 

We find that the coupled model has two distinct solutions. The first solution represents a local 
minimum of the superpotential which spontaneously breaks supersymmetry in perfect analogy to the 
ORaifeartaigh model. The second solution is more intriguing as it corresponds to a global minimum 
of the superpotential. In this case the coupling to the fermionic sector restores supersymmetry. 
However, this is achieved at the cost of breaking Lorentz invariance. Finally, the mass matrices for 
the multiplets of the coupled model are presented. It turns out that it contains two bosonic triplets 
and one fermionic doublet which are mass multiplets. In addition it contains a massless fermionic 
doublet as well as one fermionic triplet which is not a mass multiplet but rather an interaction 
multiplet that contains component fields of different mass dimension. 

These results show that the presented model for fermionic fields with mass dimension one is a 
viable candidate for supersymmetric dark matter that could be accessible to experiments in the near 
future. 

PACS numbers: 95.35.+d; 12.60.-i; 12.60.Jv; 11.30.Pb 
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I. INTRODUCTION 

In a recent publication we present a supersymmetric 
formalism for fermionic fields with mass dimension one 
[l[ . It represents a generalization of ELKO spinors that 
were introduced in Refs. @ and @ to the more funda- 
mental concept of fermionic fields with mass dimension 
one in superspace. In the following article we present a 
first application of these concepts by constructing a sim- 
ple toy model. This model conctains the fermionic fields 
with mass dimension one as supersymmetric extension of 
the O'Raifeartaigh model. 

From the theoretical point of view the study of 
fermionic fields with mass dimension one proves inter- 
esting. However, up to now only few references and 
calculations involving the general spinor superfield ex- 
ist in the literature 0tS|- These publications are based 
on spinor superfields with standard mass dimension and, 
therefore, do not represent a supersymmetric generaliza- 
tion of ELKO spinors in absence of mass dimension trans- 
muting operators as discussed in Q. 

There are several reasons that make them a good can- 
didate for dark matter (DM). Due to their mass dimen- 
sion, they only interact very weakly with Standard Model 
(SM) spinors and gauge fields while the dominant contri- 
bution comes from unsuppressed interactions with neu- 
tral scalar fields 0, e.g. the Higgs field in the SM. This 
is very encouraging as it places them at the edge of de- 
tectability of present particle detectors. At the same time 
this property makes them a first-principle DM candidate 
Q . In addition, the model can be mapped to a scalar field 
theory and it is tempting to consider them as a source 



of inflation. This could have interesting consequences for 
cosmological models [9Hl"2l]. 

Fermionic fields with mass dimension one are also of 
interest in light of work presented in Ref. [l3j where it 
was shown that the spacetime metric can be interpreted 
as effective geometry without its own dynamics. Instead 
the metric inherits its dynamics from two fundamental 
spinor fields. 

Other interesting publications on ELKO fields include 
the investigation of contraints on the spacetime metric 
and topology caused by the spinor field dynamics fl4j ]. 
the discussion of ELKO fields in gravity theories with 
explicit torsional contributions as well as the study 
of ELKO fields in the framework of Weinberg's field the- 
ory formalism 16j. 

In its modern formulation su pers ymmetry was intro- 
duced by Wess and Zumino (17Hl9j . Shortly thereafter, 
O'Raifeartaigh generalized the Wess-Zumino mode l by 
assuming several superfields instead of one superfield [2(| ■ 
With a specific choice of structure constants, he was able 
to show that his model contains regions in parameter 
space where at least one of the auxiliary fields acquires a 
nonvanishing expectation value and thus supersymmetry 
is spontaneously broken. Since then supersymmetry has 
been incorporated into more sophisticated models which 
culminated in the formulation of the Minimally Super- 
symmetric extension of the Standard Model JZVL |22| , su- 
perstring theory [22rl24j |. and supergravity [25| ■ It has 
to be emphasized that it is not intended to replace any 
of these models. Instead, it is used to formulate a su- 
persymmetric extension using fermionic fields with mass 
dimension one. Due to its properties it can be thought 
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of as a hidden sector extension. 

The rest of this publication is structured as follows. 
First, a brief summary of the most important concepts 
and results from Ref. [lj that are necessary for the discus- 
sion in this publication are given in Sec. HU Afterwards 
in Sec. IIII1 the interaction Lagrangian that describes the 
coupling of the fermionic fields with mass dimension one 
to the O'Raifeartaigh model is derived. Then in Sec. IIV| 
the coupling of the fermionic field with mass dimension 
one to the chiral superfield with non-vanishing expecta- 
tion value is discussed. Finally, the results are summa- 
rized in Sec. |Vj 



II. THE GENERAL SPINOR SUPERFIELD 



A discussion of the chiral and anti-chiral superfields for 
fermionic fields with mass dimension one can be found in 

In analogy to the general scalar superfield, the gen- 
eral spinor superfield can be expanded as expansion in 
Grassmann variables 

v a = Ka + e?Mp a - 6PNp a + e 2 4> a + e 2 Xa 

+ e^Su,,,,, - e 2 e^R^ a + e 2 9 p s, 3a + e 2 e 2 \ a . (i) 

Here, k, ip, Xj an d A are Majorana spinors, M, N, _R, 
and S are complex second-rank spinors, and the spinor 
vector uj is equivalent to a complex third-rank spinor. 

The chiral spinor field X a and anti-chiral spinor field 
Y a are then found by repeated operation of the covariant 
derivative onto the general spinor superfield 

X a = -~D 2 V a , (2) 
Y a = ~D 2 V a . (3) 

The Lagrangian can then be written in a very compact 
form 

TYl 

C = (XY + YX) D + — (XX + YY) F + h.c. (4) 

It can be shown that the component fields k, A, M, N, 
R, and S in Eq. (JTJ are not independent. Furthermore, 
the spinor-vector field is always contracted with a 
four derivative. After introducing a convenient set of 
component fields the chiral and anti-chiral superfields can 



be written as 

A Q = Xa + flSpa + 2 (\ a + ^Q a ^j 

- i00Xa + l f 2 9^/s? a - \e 2 e 2 u Xa , (5) 

Y a = - 6^Rp a + 2 (\ a ~ + i6f^ a 

+ l -e-re%^R^-\eWn^ a , (6) 

and the on-shell Lagrangian is found to be 




+ l -Tr(s T 0R) + l -Tr(R T 0§) jTr(s T s) 
_ ™ Tr (i? T i?) + h.c. (7) 

Here, the bosonic second-rank spinor fields satisfy a Weyl 
type equation which reconciles the number of bosonic and 
fermionic on-shell degrees of freedom. 



III. THE INTERACTION LAGRANGIAN 

A. Dimensional Analysis 

The building blocks of the Wess-Zumino model and 
therefore also of the O'Raifeartaigh model have mass di- 
mension 

dim V = , dim $ = 1 , dim D a = ^ . (8) 

If x is identified with a fermionic field with mass dimen- 
sion one it can be shown that the corresponding spinor 
superfields and covariant derivatives satisfy 

dim V a = , dim X a = 1 . (9) 

As the mass dimension of the general spinor superfield is 
lower than the one of the general scalar superfield there 
are more possible contributions to the Lagrangian. This 
indicates a richer structure. With these results for the 
mass dimension of the building blocks of the Lagrangian 
all possible terms can be worked out. For notational 
simplicity the hermitian conjugate contributions to the 
Lagrangian were omitted for the following discussion but 
have to be considered as well. 

For the construction of a supersymmetric Lagrangian 
the contributions have to satisfy three conditions. First, 
there can be no uncontracted spinor indices. Second, 
the mass dimension of the structure constants must be 
positive. Third, the mass dimension of the terms must 
be appropriate for contributions via D- or F-component. 

The objective is to construct a coupling of the 
fermionic fields with mass dimension one to the 
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TABLE I. Contributions to the Lagrangian for a coupling 
between two chiral superfields of the O'Raifeartaigh model 
<E> and one general superfield with one free spinor index. In 
addition to the contributions built from products of unbarred 
superfields, the hermitian conjugates are permitted as well. 



Product 


diniM 


Contributions 


$$W 


5/2 


not D-component 



TABLE II. Contributions to the Lagrangian for a coupling 
between one chiral superfields of the O'Raifeartaigh model 
<3> and two general superfield with one free spinor index. In 
addition to the contributions built from products of unbarred 
superfields, the hermitian conjugates are permitted as well. 

Product diniA/ Contributions 

<&VV 1 {m$VV) D , (mWV) D 

T<PVV 2 (T®VV) D ,(T®VV) D 

<PXV 2 ($XV) D ,($XV) D ,($YV) D ,(*YV) D 

<f>DVDV 2 (<f>DVDV) D , ($DVDV) D 

<PVX 2 {*VX) D ,(*VX) D ,(*VY) D ,(*VY) D 

$xi 3 ($xx) F ,($yy) F 



The first group summarizing all terms with mass di- 
mension one contains only two terms as well as their her- 
mitian conjugates. The first term of this group is the 
product of the chiral superfield <1> and two general su- 
perfields V a , while the second one is the product of the 
anti-chiral superfield $ and two general superfields V a . 
As V a is neither chiral nor anti-chiral only contributions 
via the D-component are possible. 

The second group collects all terms with mass dimen- 
sion two containing two covariant derivatives in addition 
to the field configuration of the first group. Within the 
outlined framework it is possible to construct 12 distinct 
terms which are all contributing via the D-component as 
neither V a nor DV are chiral or anti-chiral. 

Of special interest is the third group summarizing all 
terms with mass dimension 3. Due to its mass dimension 
it can only contain contributions via the i^-component. 
Indeed, it is possible to construct two such contributions. 
They are very similar to the mass terms for the fermionic 
fields with mass dimension one (mXX) F and (mYY) F 
which potentially leads to a connection between the vac- 
uum expectation value of the spontaneously broken su- 
perfield in the O'Raifeartaigh model and the mass of the 
fermionic fields with mass dimension one. 



O'Raifeartaigh model. Therefore, contributions contain- 
ing three superfields have to be considered. This results 
in two possible scenarios, ~ $$V Q and ~ $V a V a . 

In the first case which is presented in Table U the num- 
ber of products is rather short. The two chiral superfields 
of the O'Raifeartaigh model each have mass dimension 
one, while the simplest contribution involving the general 
superfield V a that has no uncontracted spinor indices is 
DV with a mass dimension of 1/2. As D V is not chiral 
the F-component cannot be used and the mass dimen- 
sion of 5/2 for <&<&DV is too big for a contribution via 
the D-component. Any other product that can be con- 
ceived using two $ and one V a , as well as an appropriate 
number of covariant derivatives yields a mass dimension 
in excess of 3. 

Dimensional analysis for the second case reveals that 
there are numerous possibilities for a coupling involving 
the D- and F-component. They can be categorized into 
three distinct groups based on the mass dimension of 
the superfield products without structure constants. It 
has to be emphasized that the contributions presented 
in Table |TI] only discusses terms that can be constructed 
utilizing the chiral superfield <£>, the kinetic superfield 
T$, and the general superfield V a , as well as its covariant 
derivatives while terms containing linear derivatives of $ 
were ignored. This restriction was made to preserve the 
fact that the O'Raifeartaigh model is built solely using 
the chiral superfield $ as well as the kinetic superfield 
T$. 



B. The Lagrangian 

Even though there is a large number of potential con- 
tributions to the Lagrangian, the following discussion 
will be restricted to the most promising ones which are 
those contributing via the F-component. This reduces 
the number of terms from 32 to 4 if the hermitian conju- 
gates are considered as well. Of the remaining terms two 
contain only chiral superfields, $11 and $FF, while 
$11 and <tYY are a product of anti-chiral superfields. 
At the present point the index that distinguishes the 
three distinct chiral superfields of the O'Raifeartaigh 
model is treated generally. Later on it will be restricted 
to describe coupling of the chiral superfields X a and the 
anti-chiral superfields Y a to a specific superfield of the 
O'Raifeartaigh model, e.g. $3. 

In terms of superfield products the Lagrangian can be 
expressed in a very compact form 

£ = i ($ • T$ a ) p - \ a ($ a ) F - ~M ab ($ a • $ b ) F 

- \g abc (*« • $6 • ®c) F + {X a Y a ) D + (Y a X a ) D 

TTL Tfi 

+ - (X a X a ) F + - (Y a Y a ) F + £ ($ 3 1"1„) F 
+ £($ J Y a Y a ) F + h.c, (10) 

where the strength of the interaction is encoded in the 
real coupling constant £. Alternatively, the Lagrangian 
can be written in terms of the superfield components 
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C = --A a UA\ + -F a Fl + -ct> a fi4>a - KF a - -M ab i^A a F b + F a A b - -^bj 

- ^9abc (A a A b F c + A a F b A c + F a A b A c - ^A a (j> b <j>}j - ]pA a Al + ^F a F* + -^> a Ha - KF\ 

- X -M ab \A\F\ + F\A\ - ±j a faj ~ \g abc [a\a\fI + A\fIa\ + fIa\a\ - + 2d liX d*4> + 2AA 
+ -wui + mxA + — + mi/>\ - —ipui + -Tr[S T + -Tr[R T 0S) - — Tr(S T S) - — Tr[R T R) 

+ 2d„xd^ip + 2AA + ]-5)Q + m X \ - + mtpX + + ^Tr(§ T ftR) + % -Ti:[R T 0^ - ^Tr(l T Jf) 

_ ^Tr(M) + 2^ iX A + itA jX Cb - ^AjTrfsTS) - tySx + ZFjXX + 2^]xA - i^tjo - ^Tr^f) 

- iAjTt(R T R) + t&M + . (11) 



C. The Equations of Motion for the Auxiliary 
Fields 

A look at the Lagrangian in Eq. (fTTj) reveals that 
the fields F a , A, and oj are auxiliary fields and thus can 
be eliminated from the Lagrangian using their respective 
equations of motion. In addition to the equations of mo- 
tion for the auxiliary fields the equations of motion for 
the spinor fields <f>j and the second rank spinor fields R 
and S were derived as well 

F d = \ d + M da A\ + g d abAiA\ - £6 dj (xx + , (12) 

A« = ~ (Xc + " t\ (AjXa + At^a) , (13) 

= IT (Xa -1pa)-i£ [AjXa ~ A]lp a ) , (14) 

^ap^d = TjMda&aa + 9dabA\4>ab 

(f + ZA]) Rp a = -$ h fr a ~ , (16) 

(y + t A i) = *Pfi8&° - MjPXa ■ (17) 

D. Spontaneous Symmetry Breaking 

To determine whether or not supersymmetry is spon- 
taneously broken the Lagrangian describing the coupling 
between the O'Raifeartaigh model and the fermionic sec- 
tor has to be split up into the super kinetic term £kin 
and the superpotential £ po t- The super-kinetic term is 



I 

given by 

1 1 i - i - - 

£kin = --A a UAl - -DA a Al + -<p a 0$ a + -KHa 

+ 29^9^ + 2d„xd^ + ^Tr(5 T ^i?) 

(18) 

The remaining terms of the Lagrangian make up the 
superpotential. However, it still needs to be expressed 
solely in terms of the auxiliary fields F a , A, and Co. 



It turns out that the combination of component fields 
in the prefactors of w and A correspond to the equations 
of motion of oj and A which simplifies the superpoten- 
tial significantly. In addition, collecting all terms pro- 
portional to F a and F\ reveals that the combinations of 
component fields making up the prefactors correspond to 
-FjJ and F a respectively. 



Up to now only the equations of motion for the aux- 
iliary fields were used to rewrite the superpotential in 
terms of the auxiliary fields. However, the intermediate 
result for the superpotential still depends on Aj, <pj, S, 
and R. At this point the equations of motion for these 
fields have to be used to eliminate or rewrite the terms 
of interest. Using the equation of motion for 4> a and 4> a 
the terms containing <f> a and its hermitian conjugate are 
reduced to two kinetic terms. The same can be repeated 
using the equations of motion for the second rank spinor 
fields S and R and the resulting superpotential has an 
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particularly simple form 

£p ot = F a Fl + l -4>aHa + ~$aP4>a + 2 AA + hbG) 

+ ^Tr(^ T |S*) + |Tr (§ T pR) + 2AA + ^5(5 

+ % -Tr(R T 0) + l -Tr(§ T m)- (19) 

It can be seen that the superpotential corresponds only 
approximately to the actual potential and still contains 
numerous kinetic terms for the bosonic component fields 
R and S as well as the fermionic component fields cf> a . 
As the super-kinetic term in Eq. (|18p is by construction 
free of contributions to the superpotential the actual su- 
perpotential U is found to be 

U = F a Fl + 2 (iX + XX) + - (CbCd + QQ) . (20) 

This superpotential is in perfect analogy to the super- 
potential for the O'Raifeartaigh model in Ref. [20| . Be- 
sides the term induced by the bosonic auxiliary fields F a 
it includes two additional terms for the auxiliary fields A 
and Co which originate in the model for fermionic fields 
with mass dimension one that were used to extend the 
O'Raifeartaigh model. As the contributions from A and 
Co are given by a sum of spinor products it is not immedi- 



ately clear whether the superpotential is always positive. 
The sum of spinor products and their hermitian conju- 
gates is real, however, it is not sufficient to conclude that 
they are positive as well. Nevertheless, there are two ar- 
guments that should guarantee a positive superpotential. 
First, the construction of the fermionic sector using the 
supersymmetry algebra ensures a positive energy spec- 
trum. For the O'Raifeartaigh model this property is well 
established and the positivity of the energy spectrum for 
the fermionic fields with mass dimension one was shown 
in Ref. [l|. Second, the coupling of two theories with 
positive energy spectrum should possess the same funda- 
mental property. Therefore, if the expectation values for 
all auxiliary fields F a , A, and Co vanish supersymmetry is 
preserved. Otherwise the superpotential acquires a finite 
positive minimum and supersymmetry is spontaneously 
broken. 



E. The On-shell Lagrangian 

The calculation of the on-shell Lagrangian is very sim- 
ilar to the discussion in the previous section. However, 
this time the equations of motion for the auxiliary fields 
are used to eliminate the auxiliary fields from the super- 
potential. Inserting Eqs. CE2]) - flU) into Eq. (JTTJ) leads 
to 



C = -\A a UA\ - \uA a A\ + l ~<t>J4> + ~$ a 0<f> a + d^xd^ + d^ X + + + ^Tr(S T ^) 

+ 1 -Ty(r t ^S) + ^Tr(S T |fi) + ^Tr^^s) - A a A a - X a M ad A d - X a g ade A d A e + £X a 8 aj ( X X + 

- XaM ah A\ - M ab M ad A\A d - M ah g ade A\A d A e + £M ab Ald aj (xx + #) - X a g abc AlA\ - M ad g abc A\AlA d 

- gabcg a deA\A\A d A e + ^g abc A\A\5 aj (xx + #) + £X a 6 aj (xx + H>) + ^ ad 5 aj (xx + A d 

{XX + ipip) A d A e - i 2 8 ao 5 ao (xx + i^P) (xx + '^i') + -^M ab <f) a <fi b + -M ab <fi a (f) b + -g abc A a (t) b (f> c 

- 2 (? + (? + ^) - (t + y) h §t§ ) - (t + h h^) - & s * + 

-& j R1 > + & j R$. (21) 



This is the most general Lagrangian describing the 
coupling of the O'Raifeartaigh model to a model for 
fermionic fields with mass dimension one. Up to now 
no assumptions besides the usual symmetry proper- 
ties were made regarding the structure constants of the 
O'Raifeartaigh model. Furthermore, the coupling of the 
fermionic sector to the O'Raifeartaigh is not restricted to 
a specific superficld. 



IV. COUPLING TO THE FIELD WITH 
NONZERO EXPECTATION VALUE 

The O'Raifeartaigh model contains three chiral super- 
fields. For the specific choice of coupling constants 

A 3 = A , all other A a = , (22) 
mi2 = m2i = M , all other m ab — , (23) 
3113 = .9131 = .9311 = .9 ; all other g abc = , (24) 
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where A, M , and g are real, only one obtains a nonvanish- 
ing expectation value. Therefore, there are two possibil- 
ities to couple the fermionic sector to the O'Raifeartaigh 
model. It can either be coupled to the superficld with 
nonvanishing expectation value - in this case $3 - or to 
one of the supcrficlds with vanishing expectation value. 
Without loss of generality it is sufficient to discuss one 
of the possible scenarios as the results for the other case 
can be obtained in perfect analogy. It can be shown 



that differences between the scenarios are restricted to 
the matrix components of the mass matrices while the 
fundamental properties, e.g. spontaneous supersymme- 
try breaking, are preserved. 

For convenience the coupling to the chiral superfield 
with nonvanishing expectation value is discussed. The 
structure constants remain those introduced in Eqs. (|22[) 
to (|2"4")1 . For this specific choice the on-shell Lagrangian 
from Eq. (12 1 [) is given by 



C = - \a 2 UA\ - \a 3 UA\ - \UA.AX - \uA 2 A\ - \uA 3 A\ + + ifc^fc + \<hfa 

+ ^Ti[k T 0^ - A 2 - AgA x A x + £A ( X X + ~ M 2 A\A 2 - M % A\A x - 2MgAlA 1 A 3 - AgA\A\ 

- MgAlA\A 3 - MgAlAlAt - A^A^A^ - g 2 A[A\AiA 1 + £gA\A\ ( XX + + ^ (XX + *H>) 
+ & (XX + W>) A x Ax - e 2 (xx + W) (XX + #) + \m^ 2 + ^Mfafo + 5^1^103 + ^3<Mi 

+ 9 A\W^ + \gA\hh - 2 (y + f Aa) (f + f4) ~ ( J + §*) <*{§*§) - + ^ 3 ) Tr(iFi?) 

- 2 ( T + (? + ^) ** - (T + ! A - (2 + |a 3 ) ^(M) - £^X + tisSx 

- & 3 Ri> + &zRi> • (25) 



The corresponding equations of motion for the auxiliary 
fields from Eqs. (H2J) to (fTI]) are 



F l =MAl+g[A\Al + AlA\'j , 
F 2 = MA\ , 

F 3 = A + gA\A\ - £ (xx + iH>) . 



£ I m 



(26) 

(27) 
(28) 

A Q = -f(| + A 3 )x«-f(g + 4)^, (29) 

(771 \ / 771 4- \ 

^ + A 3 ) x a + (57^ + 4) ^ • ( 3 °) 



A. Limit for Vanishing Interaction 

Before the coupling of the fermionic fields with mass 
dimension one to the O'Raifeartaigh model is discussed 
in detail it is important to verify whether the previous 
results for the Lagrangian and the equations of motion 
are reasonable. This can be achieved by discussing the 
special case for a vanishing coupling constant. For £ — > 
the equations of motion reduce to 



Fi 
F 2 



MA\ 
MA\ 



9[A\4 



A\A\ 



(31) 
(32) 



F 3 =A + gA{A\, 

K = —J (Xa +i> a ) , 

im 

= — [Xa ~ Ipa) 



(33) 
(34) 

(35) 



In this limit the equations of motion for F a clearly decou- 
ple from those for A and Co. Furthermore, it can be seen 
that the equations of motion for F a reproduce the equa- 
tions of motion of the O'Raifeartaigh model in Ref. [2(| 
while the equations of motion for A and Co are exactly 
those derived for the model describing fermionic fields 
with mass dimension one in Ref. [if. 

As the equations of motion are exactly those of the two 
individual models the discussion of the expectation values 
is straightforward. For the bosonic component fields A a 
it is found that 



(A 1 } = (A 2 ) = 0, (A 3 ) = c A . 



(36) 



where ca is a real constant. Therefore, the auxiliary field 
F 3 acquires a nonvanishing expectation value which im- 
plies that supersymmetry is spontaneously broken. Fur- 
thermore, the fermionic auxiliary fields A and Co only have 
a trivial solution 



(Xa) = <^*>=0. 



(37) 



7 



This means that in the limit of vanishing coupling any 
spontaneous supersymmetry breaking originates in the 
O'Raifeartaigh model while the fermionic sector pre- 
serves supersymmetry. 



B. Expectation Values for Nonzero Interaction 



To calculate the expectation values for the component 
fields all auxiliary fields have to be eliminated from the 
superpotential. For the specific choice of structure con- 
stants outlined in Eqs. (|22[) to (|24|) the superpotential is 



given by 



U = F x Fl + F 2 F\ + F 3 Fj - -M4n<h ~ 



9 A 



19193 



gAz<j)i<j)i - gA[<t)\(t>z 



3<Pl<Pl 



2AA+~u;cD + (j + ^s) Trf s' s 



+ 



771 

T 

771 



Al Tr 



(r t r) 



2 4 Tr(^) 



2AA 
m £ 



1 = _ 

— LOU) 

2 



A, Tr 



4 ' 2"V ~ V ~ J ' \ 4 2 

+ ZfcSx-Z<l*Bx + Z<l*ty-Z<hB$- (38) 

Inserting the equations of motion for the auxiliary fields 
F ai A, and w, as well as their hermitian conjugates leads 
to the on-shell superpotential 



U = M 2 A 2 A\ + 2MgA l A\A z + 2MgA\A 2 A\ + Ag 2 A l A\A 3 A\ + M 2 A X A\ + A 2 + AgA x A x - £A (xx + 
+ AgA\A\ + g 2 A 1 A 1 A\A\ - ^gA\A\ (xx + - £A (XX + MO " &A X A x (%X + W>) 
+ S, 2 (XX + ipip) (XX + - izMfafo - -Mfafo - gAifafa - ^gA 3 (t> 1 <j)i - gAlfafa - ^ffA^i^i 

+ 2 (f + CA 3 ) (2 + e4) * + (2 + §*) Tr(^) + (2 + i 4 ) Tr(^) 

+ 2 (? + (? + ^) + ( j + |4) Tr(^l) + + §*) Tr(frR) + WsS* - to J* 

+ ^Ri/j - £<fe^ ■ (39) 



A review of the equations of motion for A and ui re- 
veals two possible solutions that lead to vanishing ex- 
pectation values. First, there is the trivial solution with 
(Xa) = (ipa) = which results in the same equations of 
motion for F a as the O'Raifeartaigh model. This leads 
to a nonvanishing expectation value for either F 2 or F3. 
Therefore, supersymmetry is spontaneously broken. It 
can be shown that this scenario also has the same mini- 
mum of the superpotential as the O'Raifeartaigh model. 
This minimum is a local minimum as the superpotential 
acquires the finite positive value A 2 . Second, if the ex- 
pectation value of A 3 is chosen such that (A3) = — ^ the 

expectation values for the auxiliary fields A and uj vanish 
identically without making any assumptions on the com- 
ponent fields -0 and x- Therefore, one or both of them can 
acquire a nonvanishing expectation value such that the 
expectation value for F3 vanishes and supersymmetry is 
preserved. In this case the superpotential vanishes iden- 
tically and thus represents a global minimum. It will be 
shown later on that restoring supersymmetry using non- 
vanishing expectation values of spinor products comes at 
the cost of breaking Lorentz invariance. 



As the first case does not yield any new results the 
following discussion will be restricted to the second sce- 
nario. Starting from the equations of motion it can be 
shown that the component fields A a have the expectation 
values 

{A 1 ) = (A 2 ) = 0, (A 3 ) = ~. (40) 

Furthermore, the equations of motion imply a relation 
for the spinor fields x an d ip 

(XX + iH>) = (XX + = (41) 

These results then imply that the expectation values for 
the spinor fields 4>a vanish identically 

(9i) = (92) = (h)=0- (42) 

This does not come as a surprise as the expectation values 
for 4> a vanish in the O'Raifeartaigh model as well. In 
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addition the component fields must satisfy the relations 

= Tr(s T S + R T R) , (43) 
= Tr (i? T i? + S T S^j , (44) 

= ~S a px P + Kf)^ > (45) 
= hp*? + ■ (46) 

This reveals that the second rank spinor fields R and S 
are not restricted and may acquire a nonzero expectation 
value 

= C Ra$ > (Safl) = CSa/3 , (47) 



where c Ra p and cs a p are constant second rank spinor 
fields. 



C. The Mass Terms 

The mass matrix is defined as the quadratic terms of 
the Lagrangian in the component fields after expand- 
ing them around their expectation values. In the pre- 
vious section it was shown that A3, X i -0, S, and R can 
acquire nonzero expectation values. Therefore, each of 
these fields has to be expanded. To distinguish the exci- 
tations from the component fields the bosonic fields are 
denoted by the corresponding small case italic letters, e.g. 
A\ — > ai, while the notation for fermionic excitations is 
extended by a hat, e.g. \ —> x- The expectation values, 
as long as they are not replaced by otherwise specified 
constants, are denoted by a subscript 0. Therefore, the 
relevant terms of the superpotential are 



, ,2 t mMg t mMg t m 2 q 2 t 2 t 7 f\ a t t 

U 2 = M a 2 a 2 -^aia' 2 - — a[a 2 H 7^— a\a[ + M a\a{ + Agaiai - £A yxx + # j + Agajaj 

- £g a Wi (xoXo + -0o^o) ~ £A (xx + $V>) ~ £.9 a i fl i (xoXo + 0oV>o) + fxoXoXX + £ 2 X0X0M + fVoV'oXX 
+ £, 2 Mo4>4> + 4£ 2 XoXXoX + ^ 2 X.axM + 4£ 2 -0o-0XoX + + (?XXXoXo + £ 2 XX^o-0o + £ 2 Tp-4>XoXo 

+ e^Mo - \m^2 - \m$J 2 + ^pjii + ^4>i$i + 2e 2 a 3 a 3 xo0o + |a 3 Tr(s o T J + l T S* ) 

+ |a 3 Tr(i^i? + R T R ) + 2£ 2 a 3 a 3 Xo^o + |a 3 Tr (s?S + S T S ^j + |a 3 Tr (kjR + R T R ^j + & a S QX 

+ ZfoSxo ~ &3S0X ~ tfoSxo + Z$3Ro4> + tfafck - - tfoityo • (48) 

I 



Using the equation of motion for F 3 from Eq. (f28|) sim- 
plifies the second order terms of the superpotential sig- 
nificantly 



U i = M a 2 a 2 - — a x a' 2 — a[a 2 + —^-aia[ + M aiaj + 4£ XoXXoX + 4£ XoxVw + 4£ VwXoX 

+ ±e^M - \M^ 2 - ^M$J 2 + ^0101 + ^4>i$i + 2^ 2 a 3 4 Xo ^ + | a3 Tr(^i + § T S ) 



+ ^4Tr(R%R + R T R ) + 2£ 2 a 3 4x o 0o + |a 3 Tr^ T ^ + $ T ^ + ^Tr^R+R + R 1 Ro j + & 3 S oX 
+ Zfo^Xo ~ ihhx ~ ZfoSxo + Z$aRoi> + C03^o - ^3^0^ ~ tfoRipo ■ (49) 

I 



At the same time it reveals an unpleasant multiplet struc- of them are doublets, a\ and a 2 as well as 4>\ and 4> 2 , con- 
ture as it turns out that there are three multiplets. Two taining fields with the same properties. The remaining 
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fields - 03, x, ip, 03, S and R - form a sextuplet. This 
multiplet suffers of its large size as well as the mix of 
component fields it contains - scalar fields, spinor fields 
and second rank spinor fields - which makes it nearly 
impossible to reconcile. 

A solution to the structure and size problem of this 
multiplet presents itself if it is recalled that the second 
rank spinor fields R and S were restricted by a relation 
involving the trace. This implies a constant expectation 
value which may or may not be zero. If it is assumed 
that the expectation values of both second rank spinor 
fields vanish identically the multiplet structure problem 
is resolved. The superpotential in second order of the 
component fields is reduced to 

2 f mMg f mMg f m 2 g 2 f 
U Q 2 = M a 2 a 2 — aia' 2 — a[a 2 H a\a[ 

+ M 2 a ia \ + 4£ 2 xoXXoX + 4£ 2 XoxV i o^ 
+ 4£ 2 VWxoX + 4£ 2 vWV'oV' - 2 M( ^2 

- ^M0i0 2 + ^0101 + + 2^0301X0^0 

+ 2£ 2 a 3 4xoV>o + £03<Sxo - tfoSxo + ^$3^0 

- Sfatyo . (50) 

These terms result in a simpler multiplet structure which 
groups the component fields into four multiplets - two 
doublets and two triplets. Three of them - the doublets 
containing 0i and 02, X an d ip, as well as the triplet con- 
taining a\ 1 a 2 , and 03 - are easily explained and are solely 
made up of either scalar or spinor fields. The remaining 
triplet is slightly more involved as it groups a spinor field 
together with two second rank spinor fields. However, 
this mismatch can be resolved by the introduction of the 
fields 



Cla — —S a pXo ; 



(51) 

(2a = R a ^ P ■ (52) 

The terms involving 03, R and <S* can then be expressed 



U fo,S,R = £^3 Cla + £03Cla ~ Zfo&a ~ £,4>?,C,2 a ■ (53) 

The previously mixed multiplet is transformed into a 
multiplet that contains the three spinor fields 03 , Ci , and 
£2 • It has to be emphasized that this redefinition of fields 
is only successful after setting the expectation values for 
the second rank spinor fields to zero. 

To determine the mass matrices it is still necessary to 
separate the complex scalar fields into their real compo- 
nents 



At this point all multiplets but the one containing ip and 
X are in a simple form. The remaining multiplet involves 
the products of four spinor fields including terms of the 
form X0X0XX as well as cross terms XoXXoX- 



Now it has to be recalled that at least one of the spinor 
fields x and ij> acquires a nonvanishing expectation value 
which satisfies A/£ = XX + V'V'- Without loss of general- 
ity the spinor fields can be chosen such that x acquires a 
finite expectation value while the expectation value for tp 
vanishes. Therefore, all but one term involving the prod- 
uct of four spinor fields vanish identically. Furthermore, 
the spinor field (2 which is by definition proportional to 
the constant spinor field ipo vanishes identically and the 
superpotential is simplified to 



, , ,9 m 2 q 2 \ „ A , , 9 „ „ 2mMq 



M 



hh + M%b 2 



2mMg 



a x a 2 



bib 



io 2 



2 _ . 1 - - 1 - - 

+ 4 £ XoXXoX - -zMfyifa - -M0102 

+ ^0101 + ^0101 + ^aCia + daCia ■ (55) 

The bosonic component fields a a and b a can be grouped 
into two triplets of the form a — (01,^2,03) and b — 

{b\-,b 2 ,b^j. The bosonic terms in Eq. (1551) then corre- 
spond to the mass matrices 



M 2 = M? — 



'M 2 + 

mMg 





mMg q\ 
M 2 

0/ 



(56) 



which can be found in the reference literature, see, e.g. 
[2r| . The sole and important difference is that the cor- 
rections to the mass are no longer proportional to the 
scale parameter fi that sets the scale of the sponta- 
neous supersymmetry breaking expectation value in the 
O'Raifeartaigh model. Instead the corrections to the 
mass term are proportional to the coupling strength £ 
between the O'Raifeartaigh model and the mass scale m 
of the fermionic sector. This behavior was expected from 
the dimensional analysis in Section IIII Al as the coupling 
terms via the _F-component suggested a connection be- 
tween the expectation value of the spontaneously broken 
superfield and the mass scale of the fermionic sector. 



To formulate the fermionic mass matrix the two- 
spinors and their hermitian conjugates need to be 
grouped into four-spinors of the form 



a = a + ib . 



(54) 



4>; 




(57) 
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where i = 1,2. This leads to a mass matrix for the 
fermionic doublet $' = $2) 01 




(58) 





A) 


s c 
2 




2 













This deviates from the results for the O'Raifeartaigh 
model that contains a spinor triplet $" = (<&", $ 2 ', $3). 
The spinor field $3 that is missing form the previously 
outlined doublet is massless in the O'Raifeartaigh model 
and forms a spinor triplet with the spinor fields (1 and 
£2 of the fermionic extension. It can be shown that the 
superpotcntial from Eq. ([53]) leads to the matrix 



(59) 



This matrix has only off diagonal entries and thus can- 
not represent a mass matrix. A closer look at the mass 
dimensions of the spinor fields reveals that two of them, 
Qi and C2 have mass dimension 5/2 while the remaining 
spinor field 03 has mass dimension 3/2. Therefore, the 
matrix represents a coupling matrix between the compo- 
nent fields of the O'Raifeartaigh model and the fermionic 
sector. 

This nearly concludes the discussion of the terms in 
Eq. (|55p and leaves only one last term, containing the 
product of four spinor fields, to explain 



U x = 4£ X0XX0X ■ 



(60) 



Even though this term is to second order in the compo- 
nent fields, it is not a mass term. Instead, it is responsible 
for the breaking of Lorentz invariance as the contraction 
over the dotted and undotted spinor indices results in 
a term that is proportional to a vector-field while the 
spinor indices are absorbed into a cr-matrix. This results 
in a preferred direction which can conveniently be chosen 
in the time direction or in other words proportional to 



V. CONCLUSIONS 

The primary objective of this article was to discuss the 
coupling of a supersymmetric model for fermionic fields 
with mass dimension one to the O'Raifeartaigh model. 

Up to now no supersymmetric partners of SM parti- 
cles were found. Therefore, it can be assumed that any 
realistic theory that is able to describe physics below 
the TeV scale must break supersymmetry either spon- 
taneously or explicitly. This motivated utilizing the 
O'Raifeartaigh model to formulate a toy model. Sub- 
sequently, it has been shown that the only possible cou- 
plings of the fermionic sector to the O'Raifeartaigh model 
involving three fields contain one chiral superfield from 



the O'Raifeartaigh model as well as two superfields from 
the fermionic sector. Interestingly, contributions via the 
F-component are possible as well as various other terms 
that were neglected for the discussion. Moreover, these 
terms are similar to the mass terms that were used to 
construct the Lagrangian for the fermionic sector thus 
hinting at a possible connection between the vacuum ex- 
pectation value of the spontaneously broken superfield 
and the mass scale of the fermionic sector. 

As an example the coupling of the fermionic sector 
to the field with nonvanishing expectation value was dis- 
cussed in detail. It is shown that the equations of motion 
for the auxiliary fields are very similar to those derived 
for the individual models. However, the F-term that cor- 
responds to the field with nonvanishing expectation value 
acquires an additional contribution that is proportional 
to the coupling strength while the equations of motion 
for the fermionic sector acquire additional terms as well. 
A simple consistency check was performed by assuming a 
vanishing coupling strength. In this scenario it has been 
shown that the equations of motion of the coupled model 
reduce exactly to those of the individual models. 

To find the expectation values for the component fields 
of the coupled model the superpotential had to be min- 
imized. A brief look at the equations of motion for A 
and Cj reveals that two distinct solutions exist. The 
first solution is the trivial solution (x) = (ip) = that 
leads to exactly the same equations of motion for Fj as 
the O'Raifeartaigh model and, therefore, supersymme- 
try is spontaneously broken. The second solution where 
(A3) = — is more intriguing. In this case, the equa- 
tions of motion for A and U) are satisfied without making 
any assumptions on x an d V 1 - If it is assumed that the 
two spinor fields have the finite expectation value such 
that (xx + V'V') = A/£ supersymmetry is restored. At 
the same time a nonvanishing expectation value for at 
least one of the spinor fields introduces a preferred direc- 
tion and therefore breaks Lorentz invariance. Overall it 
is found that the scalar field A 3 , the spinor fields x an d 
tp, as well as the second-rank spinor fields R and S could 
acquire nonvanishing expectation values. 

To determine the mass matrices the component fields 
were expanded around their expectation values. It was 
found that a reasonable multiplet structure exists if and 
only if the expectation values for the second-rank spinor 
fields vanish identically. In this case the multiplet struc- 
ture reduces to two fermionic doublets of which one 
is massless and two bosonic triplets. Furthermore, a 
fermionic triplets arises that combines spinor fields with 
different mass dimensions which makes it an interaction 
multiplet. 

If the results for the coupled model are compared to 
those of the O'Raifeartaigh model a number of interest- 
ing differences have to be pointed out. The coupling to 
the fermionic sector restores supersymmetry at the cost 
of breaking Lorentz invariance. It is also found that the 
bosonic mass terms are now proportional to the coupling 
strength as well as the mass scale of the fermionic sector 



11 



and no longer dependent on the arbitrary scale parameter 
of the O'Raifeartaigh model. The fermionic triplet of the 
O'Raifeartaigh model is replaced by a fermionic doublet 
that also depends on the coupling strength and the mass 
scale of the fermionic sector. Furthermore, there is an ad- 
ditional massless fermionic doublet. Finally, a fermionic 
triplet containing spinors with different mass dimension 
exists. It represents a coupling matrix that does not have 
an equivalent in the O'Raifeartaigh model. 

At this point the motivation behind the specific 
choice of coupling between the fermionic sector and the 
O'Raifeartaigh model becomes clear. Up to now no su- 
perpartners were detected experimentally, therefore, su- 
persymmetry must be broken at energies currently acces- 
sible to experiments. Furthermore, the coupling to the 
fermionic sector mimics a coupling to the Higgs field of 
the SM. Therefore, an extension of the presented formal- 
ism to an extension of the SM or MSSM should in gen- 
eral be possible in perfect analogy and potentially result 
in similar effects. Due to mass dimensional arguments 
the coupling of the fermionic sector to the Higgs field 



would dominate while all other couplings are suppressed. 
Therefore, the presented model for fermionic fields with 
mass dimension one provides a good candidate for super- 
symmetric dark matter. Provided the Higgs particle is 
detected at the LHC, potential deviations from the ex- 
pected branching ratios of the Higgs particle could then, 
at least in principle, be used to predict the mass scale and 
coupling strength of the fermionic sector thus providing 
experimental constraints on the amount of supersymmet- 
ric dark matter. 

These results show that the presented model for 
fermionic fields with mass dimension one is an interesting 
candidate for supersymmetric dark matter that could be 
accessible to experiments in the near future. 
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